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These last three expressions, in which all positive values of 2 
are admissible differ from the corresponding formula in $53 


and 4 only by the factor : , Which occurs outside the whole 


expression, and also in the argument of the Gamma function, 
"Thus, taking the first double integral, we see that its value 

when the exponent u’+v'+2auv is raised to the power n 

bears to its value when the exponent is raised to the power m 

the ratio of 

1 (eee ‘a Ie(tEtn, 


= 
n 2n m 2m 


DEVELOPMENTS IN POWERS OF £"- 
By J. W. L. Glaisher. 


The general theorem, $1. 


$1. In $$ 9 and 10 of the preceding paper it was shown 
that 


n+1 
© po 2i. uv T K 
16 | g 11 erdsdt = ae -[ sd" u du 

n 0 0 

S n+l (n+1)?., (n'+1)*(n+5)’,, | 
- r( 1 {i zu ca DIE r+ &c. 

n+3\ (1. (n+3)?_, (n3! (n-F Ty. , 
Par ( n )b TC ("EL 3 Zr 


where X =% —h, h and X denoting 4° and k” respectively. 
The letter » is not restricted to integral values: it may 
have any value > — 1. 


Differential relation between P, and Pan $2. 


$2. By differentiating the first relation 


(4 ) 

© qo I 3 K 

JT er rasta RA Panuas, 
P 12 E 
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with respect to A, the left-hand side becomes 


oo "o 
=" J gM npn dq 
o 0 


which 
n +3 
r( 2 ) y 
=-2 aT f audu 
2 0 
d [X z " n+1 fF IS 
whence z]. sdudu — —1 4 J sd udu; 
so that, if 
x 
nw] sd udu, 
9 
dP, n+l 
then e E 
or, since dA — — 2dh, 
dP, nl 
7 3 Nu 


It is to be noticed that this result (which may be obtained 
also by differentiating the series) is true not only for positive 
and integral values of n, but also for fractional values > — 1. 


The cases n 0, 2, 4, d&c., 88 3-5. 
$3. Putting n — 0, 


rk 
Pap du-K; 
0 
dP ,dK 4G 
whence P,22 d^ dh de 
Similarly 
2d K 2(M-AÀ) 
Deco ace 4 AEN 
P= 3 m SaR aus O 
p.14 — 84+ 8h" -TE g 4 (h’- 1) 
= DATA 15/45 low C? 


and so on. 
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$4. Putting n —0, 2, 4, 6, &c. in the last two equalities 
of $ 1, we find 


4r(1) P -r'() e ue +e} 
@)A=PG 2.4 — 2.4.6.8 i 
USC ONT PETERE UPC 
—4r i du TEE A js). 
3 3° 3 4 
r() &-r {1+ 5 DC 
— AI? (3) 4: iM gis XN ILI al ig^ tée 
= Ed 2.4...10 " 
ED cr (3) ha P». 5. ut 
:; *(.2.4. 24.0.8 
ape | Ar um 
—4F at EV Y taa 8 pr ree, 
FD - ary {i+ gags +é 
ere vi w E 5 
-4r ei Mert je 
&c., ES 
giving 
r (4) mis + ——— — M+ Ge 
24° "24.6.8 
š 3° Lr E 3 
mre +578 * 24.10 io^ + & = Avi K, 
"t 8. Rr Wd 
whi TU MT 
+8 401 ol nam & 
"m M gg ga qo prego} =2 hi? 
T D. arg 959 3 
ry) rez ty ggg tte 
2p? 1 T a" 7.11 8 
-Ar Qe es *s Nel 


K 2(W —h)_) 
5 ki Kz 
TAM — KASS ": : 
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72 mar 
a i-e i DAP | JU 
era na fı tian taags** &o} 
1 9 97. 137 } 


= 27? i cu MEL PX S ANY 6 
5" (2) l MEL T aet on 


2 42 ^ r 
BD +84” —Thh q 10 vel, 


hh” hh’ 
&e., &o. 


The right-hand members of these equations may easily be 
expressed in terms of X by means of the equations 


K-h=^, AW-zi(ü-X) 
$5. Since 
P (j) - 453 K*, r (3) = 2080", 
where AK" and G? are the values of K and G when »=0 
(that is when i=), it is evident that the first formula is 


the same as that given on p. 147 of vol. xix, and that the 
second is the same as that from which the series for G was 
deduced by multiplication by 1 — A^ on p. 148 of the same 
volume. 

It will be noticed that in all the formulz for even values 
of n greater than 2, the right-hand members will necessarily. 
consist of two terms, one of which is a multiple of K and 
the other a multiple of G. 


The cases n —1, 3, 5, &c., $8 6—9. 


§ 6. Considering now the case when n is an uneven 
integer, we find 


where y is the modular angle; for 
22 ies aie 
fodudu= zp tan (es): 


E 1 K 1 
h =e im- mane eS Wo 
go that ib sdudu m i tan 1 n 


* Messenger, vol, xi., p. 129 (1881). 
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By differentiating, we find 
1 h-h 
D gg Wa ne 
3h? + 3h®—2hh' y — 3 (hk —h) 
8h*h™ kk’ sin ? 
&c. &e., 
whence, proceeding as in § 4, 


P,= 


Pag P853. BF S x 
"av " M ke) — afatia HE tke) 
2y 
ayp 


3 ? 41 2 
1+ Le N in + z AE M4 &e} 


IOTER, 
ahh ~ 4hh' kk? 


be {t+ pM +a a+ ke) — IE a + Gre + bo} 


l 4l 5! 
Bh + 3h"—2hh' y _3(k—h) 
rT ie XEM 7x 
&c. &e, 


$7. We can Md verify these results, for 
Pea ioe. PON s 
pc P al MURS a Wem 
and 
sin"X — sin" (1 — 24°) 
A+—r8 —- fy —— gp 
ài 5^ +i be. = Jü-*X) AR 
ir — 2y 
"wh ? 
80 that the first equation becomes 
T Loi e NE, À 
RR — skk CR’ 
which is an identity. The other results follow from the first 
y differentiation. 
VOL. XXII, I 
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§8. By integrating the first equation with respect to A, 
we find 


which expresses the square of the modular angle as a series 
proceeding by ascending powers of A. 


$9. It may be remarked that the expansion of y" in 
powers of & is easily obtained; for 


sink og Eu. BALE 
en Hh B+ + i’ + be, 
"om med or ee 
whence, by integration, 
Be GNE TAS ue 
2 — m Ed — & 
TINO i a 


The case of n fractional, § 10. 


$10. The systems of expansions in $$4 and 6 might be 
obtained by differentiation from the first equation in each 
system, viz. those in § 4 by repeatedly differentiating the series 
for K and those in $ 6 by repeatedly differentiating the series 


for E The general formula in $1 is, however, true for 


fractional as well as integral values of »; and it is on this 
account that it seems to be specially deserving of attention. 


For example, putting n= — 3 and 3, it gives 
" E dA 

Qj, Tada) | 
=T" (4) fi + GV et ae tbe 
- srp (Ur ze zat. 

2*r (3) in A (sd u) du 
=I" (å) fı + = M + ED y DL M + &e} 
— 81"(4) l r+ zr A aK M+ e) : 
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Formula of reduction for P, § 11. 


§ 11. The indefinite integral fsd"udu satisfies the formula 
of reduction 


(n+1) Ak fsd"*udu + n (À' — h) fad"udu — (n — 1) fsd"*u du 


+sd"*unducdu = 0,* 
in which n is unrestricted. 
Supposing n to be <2 we have, therefore, by taking the 
limits of integration to be 0 and K, 


(n +1) ht’ P,,, En (KM —h) P, - (n7 1) P,,—0, 


n 


K 
where, as in $2, P, denotes | sd"udu. 


By putting 2 — 0, 2, ..., in this formula we can calculate 
P, from P, and P, P, from P, and P, and so on, thus 
obtaining the values of b. P, ..., which were found in $3 by 
means of the differential relation in $2. Similarly from P, 
and P, we may calculate P, and so on. 


Differential relations satisfied by P, and P, §§ 12, 13. 


812. From the differential relation in $2 we deduce that, 
if n be any positive integer, 


2 d 
f. 1.3.5...(2n — 1) a) às 


Putting for P, its value K and substituting in the formul 


(2n aF 1) AM PET +2n (w ES h) T ur. (2n T 1) Paa7 0, 
we find 

(r= A d^" : 37 \a ee 
"m (3) Kan (8 "W (5) ew) (5) K 


which is the same result as would be obtained by operating 


n-i 


with ( d) upon the differential equation of the second 
un 


order satisfied by K. 


* Messenger, vol, xi., p. 125 (1881). 
12 
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§13. Similarly, taking the case in which the suffixes are 
uneven, we have 


(2n +2) Ah’ P,,,,+ (2n +1) (K — A) Pan 7 2n P, = 0, 
which, since 
1,/d5* 
Pan == (az) Po 


mr n! \dh 
gives 
r d ae ' d " 3 d 4 -— 
mr) Bee nar-5(z)n-ma) Peo 
where P= = . 


This is the same result as would be obtained by operating 


n-1 
with (5) upon the differential equation 


du A du - 


— , La. 
which is satisfied by u= "m 


Corresponding formule involving cnu, $ 14. 


$14. Since 
sd(K-u)= penu, 


rK rK 
we see that | cn"u du =k" | sd"u du, 
0 


o 
so that in the preceding results we may attribute to P, the 
K 


1 k 
value en'udu. The formule are however more con- 


zn 


veniently expressed by means of the function sdu, as we 
should expect, the group of functions cdu, sdu, ndu being 
generally more simple and regular as regard its formulæ 
than either of the two corresponding groups sn u, cnu, dnu 
or dcu, neu, scu.* 


* One very convenient property of sd u distinguishes it from all the other elliptic 
functions, viz. adiu=isd (u, k’), where i denotes one of the square roots of — 1. 
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Definite integrals involving elliptic functions, $$ 15—21. 


$15. From § 7 of the preceding paper we obtain a result 
which may be written in the form: 


ant f I 2 Po» 
o Mr enu 


-r( + 3) r( ‘) f uve CP ED ye ae] 


2) M 3 
ar Ir- Dp Sb enm a, 


where 2 lies between — 3 and 4. 
Transforming the definite integral by putting w—2v, we 
have 


ont | ge Ei T [^ (t—en2uY,. 


7T 
Jt HE tan) J, M en2u7 
E sn”u dnu en?u 
=4n? | —— s — duz4m! | — a du, 
D cn^u f wdn"u -— 


80 that the above series represents the value of these integrals, 


$16. We may obtain a still more general result by 


putting 
a=n+i-4, B=n-i-4 


in the theorem in § 4 of the preceding paper (p. 99). 
We thus find 


Pin+4) PE (1 — en Y" (1+ en u) tu 


; dnu 
nes ae PL. 
zr meo - F -— ah 
ile Dien De a 


nii 3 n-4 2) Ü— (n4)... 
m io AKTE Su ex 
ne DIE ur f 3! 


pistani en 


www.rcin.org.pl 


118 DR. GLAISHER, DEVELOPMENTS IN POWERS OF A" — 4". 


where n and č are any quantities, subject only to the 
conditions 
n+t>—4, n-—i>-}. 
It is evident that the integral may also be written in the 
form 
T(n+4) [PE 1 = enw‘ 
LRE f aau (1-527) du. 
Dy pd qo s 


§ 17. Putting in this formula 3n for n, we have 


r(i-) [satu (} -cn du 


2 (n*1y 
To dus dre 
COUP M 
EOD GDAL ug 


a^ ox 3 4i e-(L 
pP ER- pH 
f-("S) he -(} 

! 


5 


xY- &e} 4 


where n and 7 are subject to the conditions 
n+2>-1, n-—2i>-1. 


This result includes both the formule of §§1 and 15 
as particular cases, the former corresponding to 4— 0 and the 
latter to n= 0. 


$18. The formula contained in § 14 of the previous paper 
(p. 104) corresponds to the case n —1. It was shown in that 
section that the series then admit of summation, tbe resulting 
formula being 


ax 1—cnz\* T sin Qty 
TIBI De ED we MG LL C 
| «(= du kk sinim 
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where y is the modular angle. In this formula 7 must be 
between — 1 and 4 1. 


$19. This result may be easily verified in the case of 
1—43, for the right-hand member of the equation then 
becomes 
T 
" siny =F» 
and the integral 


= f sdu Gea du= f 


ee onu +enu du 


> [a(r 4) | 25.2 
=f ndudu = Tea (c is) | ps ddr ue E 


$20. Putting a=n-1, B=n, 


in the general theorem of § 4 of the preceding paper (p. 99), 
we find that the series becomes 


r( )r (= sit) fı Bo a tg e ME &e.} 
ALIE (r () fa- SE 


G)rCrz) 1 pen) 
2 "TES E "Uy POI A 
and the Ep 


= gu T (n4 D| 


2E sn" (1 + enu) du 
due 


= peat nt f ds 


n n+1 
fit aver I) | 
Que TY CES Fe 
Where n is any quantity » — 1. 


whence 
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This result includes the formula given in &17 of the 
preceding paper (p. 106), in which n was restricted to positive 
and integral numbers. 


$21. Replacing n by 3n in the above formula, it becomes 
n "1 
Fen" Tu Pi (3) n (i M 3 1 


o du'u E NICE p 


2 


where n is any quantity greater than — $. 


Integrals involving elliptic functions with special values 
of the modulus, $$ 22—29. 


822. In vol. XII., p. 98, of the Proc. Lond. Math. Soc. it 


was shown that for modulus a ; 
E ar 
" V (dn u) du == TQ) 


This result may be readily generalised for the same value 
of the modulus, as follows: 


By putting u = r sin 0, v =r cos6, we find 
| J e “utdudv 
ove 


=f 


47 


f g 1.73520) ga sin*O cos drd 


Ja to 
1, (a+ B+2\ [ — sin? cos"048 
=-f | DP E 
$6 X4 M UNS (00 eren 
(1—4sin'20) $ 
1 r/2+8+2 7 sint} cos^10d6 
EIU \ 6 )f CE 


y (1-3sin') 6 


1 1 (a*842V (2X (1—enw)#(1+enw)# 
=H ia" s )] a E Si 
(dnu 


“a 


the modulus being 2 , whence 
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a+l\_/8+1 

fA mora sono ame T 6 rf 6 ) 
aa. sae 

i (dnu) è ` r( 


A / 
where a aud B are any quantities > — 1, and the modulus = x A 


§ 23. If 8 =a, this equation becomes 


(c1 
[x sei l =) q _ V3 
i ae MUI SU (mo E 
E ry) 
which includes the formula quoted at the beginning of the 


preceding section as the particular case of a = 0. 
By putting a = 3, we find 


= ae) _ 43 
i v(snu) du = 17 Fa) (moa. -X) 


where X’ is the value of the K corresponding to k -— : 
N 


§ 24. 1f B=a+2, the integral becomes 


f5 snu (1-- enu) ng (d ane oy 
abi Sai a Ay Pa A i Io. 
3 


" 2al 2a&l 
dn ë u dn ë u 
go that 
at+1\_ /a+3 
E sn°u 23 r(*z-)r 6 } V3 
crie acm (a t 
dn 8 yu r( 3 ) 


the only condition with respect to a being that it must be 
2-1. 
By putting a=- 1, we find 
p 5x KEAC Pp (mod. = 3). 


D 


}, Xen)? "$42 ^ T (D 
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$25. It is evident that 


EDEP) [femme 
=4 | Í & ududo 
0 o 
= 16 [ I e "T ginpeng, dt 


E 3s f fe —p—¢* pg dp dq. 


0*0 


Putting m, u, s, p equal to rsin 8, and n, v, t, g equal to 
v cos Ü in the different integrals, we find 


" EE) " (es : ue (: +B+ 2) j^ sink? cosi&-09 
3 2 : o (sind +cos Q)ie 


47 
or (pem Í sin" cos? 0 d8 
2 9 


iT ( +842) [37 sin***'0 cos'?"9 dA 
2 n d = sin*28):C PY) Seanad 


=6r (7 +B+ *) [ae in'*** cos 9*9 dO 
2 o (1-$isin20)Me7 ? 


in which « and 8 must both be > — 1. 


$26. The last two results show that 


Sj CL T as ( =) 


atp dn“ mod. E 
3 — (*F(1— enu)" (14 en uo" 3 
E du**?*', = À du (mod. = 2j 


Vase, 
bip) 
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or, as we may write the formula 


2E sn y (1 —enu)* (1 +enu)? 1 
Í dn**?*!y a (mod. = 73) 


3 28 sy (1 — enu) (1+ enu)? V3 
-gem] ms du (mod. =F) 


eens 


r (2+ E+") : 


I 
in which a and 8 must both be > — 1. 


$27. Putting a= £, the formula becomes 


ge maa du (mod. = =) 


J, du we 
{n +1 
3 (fsn""u d (mo d =£) — ema ne ) 
Zuge dart =a Gti 


The first of these results may be verified by putting A=0 


in the formula of 815 we thus find that, for modulus A : 


r° n+1 
x Cx) 
Í . sd'udu = 2 —————, 
E r(“) 
3 2 


which agrees with the preceding result on putting 2n+41 for 
n. The second result is the same as the first formula in § 23. 


§ 28. In all the expansions in powers of A, by putting 
A = 0, so that the series reduces to its first term, we obtain a 
finite expression for an integral involving elliptic functions in 


: "m " 
which the modulus is E For example from $17, we see 
N 
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that 


j^ sd'u (i zen du (mod. E =) 


n+l ¢ n+1 4 
rCi- 3r -3) 


= 


4/3 


The case when the modulus is x corresponds to X — — 4, 


§ 29. Tt may be remarked that if, in the system of equal 
integrals in $ 25, we include the integral 


64 | [ Í Cf pmo, 


we do not thus obtain a result involving elliptic functions, 
but we find 


™ sin'Ó (1 — cos 8)** (1 + cos 0)? dé 
| (sin*@ + 8 cos*8)10*9*5) 
a+ B+1 
DETARE 


ox D107 o A 


in which a and 8 must both be > — 1. 
From this result, by putting a = 8, we deduce 


(rin 
ri cos" *8 dé i 2 ( 2 
J, Qv 6sin83 and" 77. (n4 1)' 


a being any quantity > — 1. 


Expressions for T° (4) as a single definite integral, §§ 30, 31. 
830. In connexion with the method employed in $25, it 


is interesting to investigate the results to which we are led by 
treating in a similar manner the formula 


fe f f 67 asy =Z) 
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Transforming the triple integral by putting 
& —rsinÓ cosh, y —rsin6 sing, z =r cos6, 


it becomes 


T R i i J ET rHisintO(sintp+e0s') sco) s ain G drda dh, 
0 o 


which 
1 sin 09 dô dh 
TRU ofS o V{sin’? (sin'8 + cos') + cos*8] " 
Now 
a/{sin°ð (sin*$ + cos*p) + cos*0] = y {sint0 (1— 2 sin’2¢) + cos*8} 


= (sin’@ + cos'8) af fi- - oU ae ae 


=< (sin®@ + cos'0) J/(1 — k’ sin’2¢), 
3 sinf 
T TE: 
ces k — sin*8 + cos°@ " 
Thus, the integral 
E Jpn. a sin6 dô d$ 
e e (2) X (sin®@ + cos"8) /((1— # sin'2$)] 
f ir th i sin 0 dé do 
=r) o N(sin'8 + cos*8) y (1 — K* sin’) j 
whence we find 
K sin 0 dé 
E ej X (siu*0 + + cos’) 6 
the modulus & being equal to 
v3 sind 
Z X/(sin*8 + cos*8) ` 


rAr. 


§ 31. This value of & gives 
3 cos’? 


ik + sin’d? 
dk — cos'ü 
whence iB ad 
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The integral therefore 
1 2 K sin*8 dk 
me DI e e uo 
2 (a) | S coa’h /(sin’@ + costu) k 
T) [2siw*ð Kdk 
243 J, cos ü bk * 
sin*8 4k? 


Now co&Ü 3 — 4h"? 
sin’? 9343 
80 that = 


coso — (3 - 4k) ’ 
Substituting in the integral, we find 
2r (4) [^  Kdk es 
— [2 ———— = r 
43. J, E(B- 69 ®, 
f Kd — r'( 
o &Ma—a4p  akgtat 
This curious result may also be written in the form 
i Ksn2ydy _ T) 
CO Ad um UU fa 
o (siny)'(sin3y)* — 2?3*m 


whence 


Expressions for 1* (1), § 32. 


§ 32. The result obtained by a similar treatment of the 
formula 


SSS ugar 


is perhaps also worth notcie. 
We thus find 


sin 8 d du 
lp 
4 ef ar (sin*@ + cos “(ain'@ + cosh)? X (dnu) EE e 


the modulus & being equal to 
1 sin” 
J2 y (sin*0 + cos*g) ` 
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Transforming the second variable from 6 to k, we obtain 
the formula 


r) dkdu 
eA cT (1-28)? (dnu) 9 PeO, 


dkdu 1 I) 
pe [matin (0-29) (du) 892 TQ) 


VA Go, eK) 
CLER Yar 


Putting k= siny, so that y is the modular angle, this 
result takes the form 


ing cosy dydu QE EXE 
Tosa) (dnu)! ter? 
or, by substituting K — u for u, 


i (cosy)! (dn) EC 
Í, f (cos ~ (cosy)? — dy aem lêr ' 


The right-hand member of this equation is also the value 
of (K^), where K’ is the value of K corresponding to the 


1 
modulus — . 
V2 
Value of a series with squared factorials in the denominators, 


85 33-86. 
833. The series | 
147 E = at 


TS es patte 


may be represented by the definite integral Z x e rom qus 
80 that the triple integral 


E [ F a ee 


7 T g I gegen (Ars e $t Ge.) dodi 
LJ 


=z r(})e ($) m pp TESS Be 


2 2 gara" 
a (a + 2) (a +4) 8 (8 +2) (8+4) fr 
a ee at + Ge}. 
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Transforming the triple integral by putting 


s =r sin, t=r cos, 
we see that it 


We e 5 K i (sin 8)'7 (cos 8)*"* d8 dy 
zT P | a (sin + cos'ü + 2a sin'Ó cos'Ü cosi 
IT a4 B ji ™ (sin $0)** (cos 48) dO dy 
E 2 5 251 (1 — À sin*8)i**P) : 
P. h=}-3zxcosy, 


» žad 2K (1 — en u)*3 (1 + enu)? 
Ea in r= » I. (dn (dau) du udp, 


where y is connected with the modulus of the elliptic functions 
by the relation _ 


mae 


cos =- 
A being, as a before, =k? ER. 


If in this double integral we transform the variable from 
y to A, we have to replace 


f . dp wf. dem 


P X 
or, ifv— 7, by f "ey 
-1 


§ 34. Taking the first and last forms of the integral, the 
result may be written 


iL [Pe eee a, dp (mod.)'=}— 42 cosy, 


(dn u)**^^ 
SS EE ermi- 
a) ,/8 
ET r(3)r (5) [1,28 a (242) 8(84-2) P ge. 
et "Pat 2*4 


In this formula a and 9 must both be positive. quantities, 
and a must not exceed unity. If a is equal to unity, a and 3 
must be less than 2. 
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§ 35. The preceding result might of course have been 
deduced from the general formula of $4 of the preceding 
paper (p. 99) by putting æ cosy for a, and integrating with 
respect to ij from 0 to r. 

We may also readily obtain the value of the integral when 
the limits of integration with respect to ~ are 0 and 47, the 
ea series, which then contains also uneven powers of a, 

eing 


r (^| p (8) 
orn NT ag , a(a+2)8(8+2) , | 
2 "~ arb TT (mo SEED eer a+ &c. 
2 


V3? 


y GED ENED CFD a4 ta), 


§ 36. By putting a— =m, 8 —1 n, the formula of § 34 
becomes 


| OT C9" audi, (mod.)* =} - da cosy 


N I n 1 
r(5 «)r(S i) 1 
eam, \2 4/ M2 4 fip 0n Duo 
r mint!) l p 
(~ 


F oi es 
(m4 4) (m+ $) (mt §) (n+) (r+ $) Mt) e 
Op DOIDCeTDCTUS te], 


where m and n must be » —Jand æ not-1. Ifx=1, m+n 
must satisfy the further condition of being > 1. 
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As a particular case, putting =n and writing 3n for n, 


| ? fe u)'dudj, (mod.)! =} — $æ cosy 


Ms fı * er us ate &e.} . 


In this formula n must be - —1andcznot»1. If «=1, 
n must in addition be < 1. 


The case x — 1, $$ 37—39. 
$37. When z—1, 
h— 4 —$ cosy, 
so that cos2y=cosy, and therefore |j — 2y, where y is the 


modular angle. 
Thus from § 36, 


ir [?E (1 — enu)" (1+ enu)" 

LL dem tm 
r (^ 1\ r (? 1\ 

Qnem (z T i) (a T i) ( (m 4 4)(n + 3) 

> P r m+n+1\ 2* 
Cred 
+ DE CDOT ae 
27.4" i 

and in particular 


rà" rK 
J, J (sd u)" dudy 
(n 
2 


the value of n being > — 1 and <1. 
. This result may be obtained also by integrating the formula 
in $1 of the present paper. 
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$38. Putting n=0 in this formula it becomes 


zr rm r5 15s 
f Kady = IE + yt eet eet 


The series in brackets was shown by Gauss* to be equal 
25° 
to ore that we find 


ih Kdy= | Bak = (K'Y. 


§ 39. Since 
2K 1°,3°.5" 
Ce i aU tug pit ap et kes 


it follows that 


[ee GY + (8) + Geta) +e}. 


0,2 
The series in brackets is therefore equal to = ) , aS was 


shown by Gauss in the investigation just referred to. 


Second mode of reduction of the double integral in $ 33 when 


a=, $40 


§ 40. Putting a— 8—n in the first form of the double 

integral in § 33, it becomes 
Eo) |^" (sin 26)" dody 
f. J, (sin + cos'ð + 2:: siu'Ü cos'Ó cos)" " 

The denominator ; 
= (1 — 2 sin?’ cos'Ü + 2x sin’@ cos'Ü — 4x sin"Ó cos'0 sin'34))" 
= {1 — (1 — iz) sin” 20 — æ sin" 20 sin’ JJ". 
* Werke, vol. iii., p. 425. 


t Gauss’s process amounts to an independent proof that j 4 Kdy is equal to (K°)*, 
3 

For he points out that the series Le (sl + (£ A) T &c. 

_ 47am gp d$ d 

Um i], p» A(U— cos cos*yy) * 

i : 4 (iv. 
aud that this expression {which obviously = — EX! Kdy) 
LS * 


_ 2 [ir(hr — dfdg (2K ^? 
“mh Jo isn/sing - 7 * 
K2 
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Thus the integral 
wali KON [7 che (sin 0)""1d0 dp 
= r J, E {1 -(à- iz) sin*0]" (1 — A sin’ $y)" 
IQ) [hr [i7 (sin 8)""q0 dp 

E". 1 {1 — G - 32) sin'6]" (1 — A sivy)" 
(sin 0)" du d8 


Fn) (E... (HO). duda a 
=a J, J, Ga (L- G- ja) ie]! 
æ sin'ü 
igre GTE Y 


This last equation gives 
r 2h <4 
sin’? = (+h )ath » COBY 


_(14h)arh 
BHIETIUEST 


2x 
1— (4-42) sin” = quur 


dó adh 
snd Ayi Aye k} 


Thus the integral 
Pr) wi e w 


General theorem, §§ 41, 42. 


§ 41. In $33 the same double integral was reduced to a 
form which, in the case a = B = n, becomes 


T (n) (* [^ (sdu)""dudX 
ay I, AGIT X) 


80 that we have found that 


fe u)” duda 2 f= [EA" (nd ia idu dh 
T JA) = jë e]. VERE - V] 
TS yu n n' (n 4 2)" 

» ie EU 5 


niat DD, ) 
+e? 


= Oar 
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842. By taking A as the variable in the first integral, 
this general formula may be written 
‘ee (sdu) dudh. a fef [K 1^7 (ndu) du dh 
uio V-A) ^ a7 v x ys - K} 


= 90-4 I’ ($n) 34 ni (n+2)" , 
ign 0m tens 2.4" 


) 


į” * (n 4- 2)! (n4) e tée}. 


254*86* 
The case n=, §§ 43, 44. 


843. In the special case n=}, the equation in $41 
becomes 


. EM -2a fË Kdh 
BEN UJ EE -7 
7 y UOS MMC 
1 ri) fiag pe uat tug pet 8e] 


11,1559 ,. 1*.5*9! 


=) TÉ? [rx +p the 


§ 44. When zz 1, 


KdX ' Kdk _ » 
| ze NT =f" Kdy, 


pm Kah [Kd (a 
225 J^" (Ca ees ee Wn T2), fdv 


and the series becomes 


JT. 1252 9t 
zik (te tb asit) 
EL 
=k = SRC 


. The formula therefore’ in this case agrees with the result 
in § 38. 
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The case n —1, 8$ 45, 46. 


845. Putting n=1 in the general formula of § 41, it 
becomes 


[I sey] nee -m 


T if 159: 1*:81:59.. 
== rper mud tang E 


=rK, (mod. =z). 
This result may be verified, for the first integral 


=| RE [sau du 


and, by § 6, i sdudu= 7 es bir) 
80 that the integral 
ue e 
^ VIGN) a 735] 
z T hom 35. — d 
=» VIGPEN) "3 ^J ; VG? — X9) (1 - 3] 


i v1 eae X - p) -zp) by putting A = Thy 


=rK, (mod. =~). 


§ 46. Since 

5 d udu- P ; 
the second integral 
ie dh 

FJ EY 
dy 

=2 : A 
"| iz l-z Vi a vy --vy)' 


= T 


where vo=V(1-h) =k’. 
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The denominator in this integral 
-V[(Q t v)z- 14 v) (1v) z1- vl 
=v[{(1 2) v - 0.—72)] (+a) - Q0 — æ) v']] 


satan fp See biet 
za E -w) fı -5 w] if wta iEn, 


Thus the us itself 


"ies [I9 V [a-i- (53) "iP rd zu 


which, since 


a dz Sra dz ta 

te cara 7* [77 zia-z ap - E 
2 

= TIL (mod. = E — TK, (mod. =z). 


The case n=}, § 47. 
$47. Putting n= $ in the formula of § 41, it becomes 
" Pdr _2 (7% > QA 
aX TX) jV (M ij 


" r (f, 2 gh 7" = Bea? 
anes a+ Ge git tag p^ + él, 
G 4G 
where = P=] " du= WaT 
" E 
Q,=| nd’udu= p? 
I'(1) 
and —i^—410G? 
De) 
We thus obtain the result 
z GdX 1 ye Ehidh 


Q0-X)4G X) ^ 228 J, RV + hype Vj 


-— za S9 
=nG, 103 424 at aegra t Se 
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The equality of the first integral and the series may of 
course be at ouce derived by integration from the formula 


G (a8... Se. LORE 
ed zi uua 21109" ee] 


DAMES 1°, 5*. 9 
-1° 29y 45 ; 
aK p +576" Caa +&} 


The case n=2, §§ 48, 49. 
§ 48. From § 6 we have 


z W-h y 
A situdu= cp MW p 


2 2X cos X 
= AS ee 
1-v (1— x» ? 


whence, putting n=2 in $41 and taking the first integral 
only, we find 


E dX bâ f X cos !À dA 
4073) 7X9 "I Goi - X) 
2r 


= 2 (142 xaxa &c)-0—2: 


Replacing cos’ by $r — sin™A, this result becomes 
f dX * h Asin Adi —— — om 
a ON) ENY J.a-xyqe-xp 20-2) 


The first integral is easily shown to be equal to 
go that we find 


f Asin"AdA — T I. E 1 | 
(1 — X*) (a? - A5 ^"ali-é^wd-2)' 


M e 
24(1- 2)! 


The integral may also be written in the forms 


AE si sin @ sin^ Bino sin” (z: sin sin $) d$ = jj sn u sin” snu gin" (2 81 sn 1u) 


i (1 — 2” sin (i-a sinp) EN ^u : 


(mod. = x). 
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$49. Putting æ 2 sina in the first form of the integral, 
we may also express the result by the equation 


f 0 sin 0 dé sin*Ja 
0 


————— O MM * 
cos'@ (sin'a — sin'8)! cosa 


Values of integrals and series, §§ 50-54. 


§ 50. It is easy to prove that 


N A, AX + Ar + &c. an 
D V(x" — X) 
=F fa, +$A,2’ 4 Ag "EIS 4, € "+ &e}, 


and by applying this result to the expression of G on p. 148 
of vol xix., we find 


uu dy i3 Sri j 

/ Ja -x 7*9 ist pet rg guste 

and 

= QM 5 P5. 
DUET ui d "a txt teen? 


ber 


) 
8 
+ Peis” t x ; 


§ 51. Similarly from the series for J and Z we find 


- IA 3 an Cr y 
C- ra Te fi- ge par- pat t 
x 1 17,5? ie ao 9! 
-arhit pe EL A te n 
* Edn ET Oud Vy "aT 
| 7*9 ee we Xe" ang jp" us e} 


1* p 1’. 5'.9* 
+4rK° un e+ rg i a + aig tée., 


with corresponding series in which dX is replaced by AdA. 
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852. By putting 
a—-i8-2iwv- 
in Gauas’s well-known formula 
l(T(y-a-B) 

BB) = p e) FB)? 

we find 
Poe s.t DD ate | 
: +3 'igtkggui Pag rr 
i 2K° 
APT, 


agreeing with the result quoted in § 38. 
Similarly, putting 


a--iB8-2-Lw- 
we find 
1 3? 3°. 7? gir ae 
I4+n+ pet pep jg t &e. = PG ~ sro 
2 ag 


T 


a--i,8-i 7-1 


and by putting 


we find 
TI AT. Vd & DOD Cr 40) 
"a TU Pee SS BB E 
mt: 
m. umeris 


$53. Putting z—1in the formule of §§ 50 and 51, and 
substituting the above values for the series, we find 


f ” Gay = 4 (G*, 
| = Idy =2 (G° -4 (K^), 


g Edy E (G*)4 n (K’)’, 


y being the modular angle. 
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The last two equations give by subtraction 
am 
f" ens ac», 
0 
which is the formula found in § 38. 


§ 54. By subtracting the first formula from the second and 
third, we find 


di PKdy = 2(@F +} (K'Y = E Edy, 
[erway =- 2(G°)'+4 acy s - [^ Za, 


The case n= 3, $8 55-57. 
855. When n — 3, the general formula gives 


Qe ox BL. S5; T. 
aie = 2a T(3) tx Ey gr urere. 


It can be shown (see $ 57) that the series 
8 025 Step. ta 


a 
Mar ae + stop ® tuac 


is equal to 
2(G EY 
Sasa 1 (mod. = 2); 


s0 that the equation becomes 


” Pdr _ ?7(G 4 E) 


4 (2! - X) UE (mod. = z). 


§ 56. Now, by § 6, 
83(h’—h)*+4hh’ y 3(h'-h) 


RE 772 kg ~ BEAD 
1 , 6X 
= RE 3A) iA - ———T 
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Thus 
: Pd 5 * (1 47 2A") cos 'AdX 
2e - Y) V TEX 


* (L + 247) (3m — sind) dX e de i (1 4- 2A) dX, 
0. (1-28 (a? Ww Jo (L=) (29 - A5 
js 1 + 22* sin’? 
c pap —_—— 
o (1-2 sin?0)! 


| sn^u 
= Pap 
dn'u 


dO, by putting X = x sin 6, 


du, (mod.- zx) 


— 27 [^ (8 nd'u - 2 nd'u) du. 
to 


Now, the squared modulus being 5, 


ie ndu us go 


Bh’? 
and is nd’ due T 
whence : 
= a 2a + kY NEE 
4 t 3 M TAA 
af nd'u du af nd'u du = (re E Y 
2E- MK G+ 
$e ENS 
Thus, when the modulus is z, the value of the integral 
— x. 
av (t -N) 
has been shown to be 
2m (G-- E 
ALD, (mods) 


agreeing with the value of tho integral which was derived 
from the general formula in the preceding section. We have 
thus obtained a verification of the general formula in the 
case n = 3, but no new result. 


* Messenger, vol, X1., pp. 129, 134, 


www.rcin.org.pl 


Dr. GLAISHER, DEVELOPMENTS IN POWERS OF A" — i’, 141 


.. 897. The value assigned to the series upon the right-hand 
side of the equation in $ 55 may be obtained as follows : 
Differentiating, with respect to À, the formula 


2K pg D a EE 5 
uocCitghbtag + ang" + &e., 
we find 
2 G4 MI a 1351.55 Eb ES Ser fal 


ees Sa = Li 3 
wie at wa tag rars ht ee 


whence, multiplying by A and differentiating again, 


2 3 Est 2 ave 
g (JEHUR- id uer [LL i+ eh. 


m dh WW) 2 eee y 
Now 
d @_1K,G_20+0K_G+E 
mins roe t.a = 4* ? 
so that the equation becomes 
B mile +h uus Bn &o., 


which, when Å is replaced by z, is the result quoted in $55. 


The general theorem when n is a positive integer, §§ 58—63. 


$58. The method employed in the preceding section 
suggests a symbolic form in which the theorem of § 41 may 
be exhibited when 7 is a positive integer. 

Taking only the first of the two integrals, this theorem 


may be written 


2 — m f mo. "(n-2) a 
mmo © r (n) ptas T. F 


n'(n-92)(nt4) e, e 
2i 246" oe £e) í 


where Pus Í * (ad u)" du. 


§ 59. Let S, denote the series 


n' . on (n2) n a (nt2)'(nt+4) s, e 
a eae 75-3» 019m 
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then by performing the operations we easily find (as in the 
preceding section) that 


1d d 
z dz" dz 


If we denote the operation 


S, =n 'S ut 


this equation may be written 


1 
S, = 7 oS, 


§ 60. Thus we find 


and in general 


1 r 
Bea 1*.8*... (2r = 1)" d, 


Now, when n= 2r + 1, the coefficient of S, in the general 
theorem 


1 C 

je (2r 41) 
= Oley (r- iy (r- p. Qe (4) 
(27)! 
(2r — 1)' (2r - 3y...3.* 
(2r)! : 
Thus, in this case, the theorem becomes 
j A E 


Tia 


„VENT (91 


as 29 3 


or, since S, = AX (mod. = x), 
E uz d 


"JG EO T GST US zz) 5 
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the modulus of the complete elliptic integral K on the right- 
hand side of the equation being a. 


$61. By means of the theorem ($ 2) 


dP. ntl 
—oxs pn 


we may express P, as a repeated derivative of P. We 
thus find 


zr r 
5 vn T Tl (5) Tu 
and the formula may be written in the form 
uc p OHNE tatya 
» ar” N 7 Am dx” de 
or, replacing P, and S, by their values, 


"[d"  cos?X ) dx Low d = 
| tar” VO-X) wWwa-x) "(ii di? zb Guo AM) 
for, by § 6, 
tr) ak ss CO 
kk wWü-x) 


The cases r 0 and r=1 have been considered in $$ 45 
and 55—57. 


§ 62. Proceeding as in $ 60, we have 


S, F 91 £5, 

1 2 
8. org OS 
&e., &e., 


and in general 
S — gir (r D 
When a = 2r + 2, the coefficient of S, 


(r!) 
— ofrtH : 
p^ Qr 41)! 
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so that the theorem becomes 
i D, d ator rs, 
uo -X) rri 
that is 
2 LA - aul (1 GAY 1 
aV -X)^ (2r1)l We B R) I-a’ 
We may also write the theorem in the form 
Me s dX ym d 
a e -rA "ls =z) B 


J 


or 


F a = d dx -— z( d A HA 
= is V (1 — N) 4 (x* — A") x dr =) TEE 
The case r = 0 was considered in § 48. 


§63. It may be observed that if we put x'=z, the 
operator £ 
E NEC EMT NE 
z dz" de da^ da’ 


so that the theorems may be written 


d"P . Ux — CAN 
XS. VETY) MN Cara) " 


where z —z' is the square of the modulus of K, 
qup E [aAa 1 
and f. dr" sar WP Xn o Hg (z 5) 1-5! 


where z = z' 
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